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A Proofs of the main propositions

The proof of our results relies on the independence between the potential outcomes ;1 (€) and the
structural error e1;. This independence condition follows straightforwardly from our assumptions
and is instrumental in providing a causal interpretation to the state-dependent LP estimands. We

summarize this result in the following lemma.

Lemma A.1 Consider the structural process defined by equations (3) and (4) in the main text. Under

Assumptions 1 and 2, €14 is independent of {ysvp (e), e € A}, where A is the support of 1.

Proof of Lemma A.1. This proof is obvious given the definitions of y;1, (¢) derived in the main
text. m

Proof of Lemma 2.1. Let y.4p, () = my (e, Upyp,). For given e, we can write

E (s e +8) = yrin (&) [His = ) = [ o (e 4 8.0) = mp (e, U)] £ (UIR) U,

where f (U ]ﬁ) denotes the conditional density function of U, given H;_; = h. Dividing by § and

integrating with respect to e yields

/ 5VE (yosn (e + ) — yeun (¢) | Hoos = 1) f (e[R) de = / / 5 [ (e + 6,U) — mi (e,U)] £ (UIR) f (elR) U,
A A

where f (e[ﬁ) denotes the conditional density function of ei; given H;_; = h. Under the assump-
tion that e1; and U;yj, are independent, conditionally on H; | = h, we have that f (e,UVL) =
f(U|R) f (e|h). Moreover, for fixed e and U, by the definition of a derivative,
lims_0 8! [my, (e + 6,U) — my, (e,U)] = m}, (e,U), assuming the derivative of my, with respect to e

. —

= }1_1’)1(1) AéilE (yt+h (6 + (5) — Yt+h (6) |_Ht_1 == 77,) f (€|Ht_1 = il) de

= / / my, (e,U) f (e, U|h) dedU
AJu
= E(my, (e16, Uren) |Hi—1 = h) = E (yj4, (€1¢) |Hi—1 = h) = CM Ry, (h),

where the last equality follows by definition of vy = myp, (e1¢, Ugr,). ®
Proof of Proposition 3.1. The proof is in the text. m
Proof of Proposition 3.2. The proof is in the text. m

Proof of Proposition 3.3. We start by deriving the potential outcomes y;1 (€) for this model.



For any e, define

B(e) = Br+ (Be — Br)n(e) and v(e) = yr + (v —Yr) 7N (€),

with 7 (e) = 1(e > ¢) for any fixed e. Let Vo = —1yt—1 + €2t be a function of (g9, yr—1,€16-1) =
(5215,22_1) = U/, since x; = e1; and z; = (x4, y¢). With this notation, for h = 0, v = Si—1e1¢ + Vor.

The potential outcome for h = 0 is obtained from this equation by fixing €1, = e:
yt (e) = Bi—1e + Vor = mo (e, Uy) ,

with Uy = (€2, 2)_1)'. For h =1, yer1 = Beeresr + Weye + 241, where v = y; (e1¢), By = B (e1¢) and

~v¢ = v (¢1¢). Hence, upon fixing €1; = e, we have that

Y1 () = B (e) erer1 + v (e) ye (€) + 2u41,

which shows that y;4; (e) can be obtained from y; (e). Replacing y: (e) = fBi—1e + Vo,

Y1 (€) = v (€) Br—1e + Vip1 (€) = my (e, Ury1), (1)
where
Vi1 (e) = v (e) Vor + B (e) ert1 + €2t41 = Vi (e, Upy1)
with
U1 = (€;+1,€2t,22_1)l = (5;+1, Ut,) ‘

For h = 2, writing Si+1 = B (e11+1) and yi41 = v (€1441), it follows that

Yt4-2 (6) = Bir1€1t42 + Ve+1Yi+1 (6) + €2t42
= Bir1€r42 + Yir1 [v (€) Bi—re + Vig1 ()] + 2142

= Y17 (e) Br—1e + Vi (e) = ma (e, Up1) ,

where

Viea(€) = vg1Vigr (€) + Bip1€1i42 + €2642
= g1 [y (e) Vor + B (€) ere1 + €2e41] + Bep1€142 + €262

= Y17 (€) Vor + 7418 (€) €141 + €2t41 + Ber1€1e42 + 2642,

. . . !/ /
which is a function of Uyro = (€},4,€541,2t,21_1) = (€}49,Us4q) . For any h > 1,

Yirh (€) = Yeph—1 - Ye+17Y (€) Be—re + Vign (€) = my, (e, Upgn)



where

Vitn (€) = Yern—1Vign—1 (€) + Besrn—1€1t+h + €2t4h,

!/
and Upyp = (52+h’ t,+h—1) -
Next, we show part (i) of the proposition, which derives the conditional average response function

for any fixed 0. For h =0, y; (e + 9) — v+ () = Bt—19, which does not depend on e. Hence,
CAR, ((5, B) =F (yt (1t +0) —yi (e1e) | Hi—1 = E) =F (Bt_l\Ht_l = B) d = Br0.
For h = 1, by Definition 1,
CARy (6,h) = E (ye1 (€1t + 0) — yes1 (e1¢) [Hi—1 = h) ,

where ;41 (£1¢) is equal to yi+1 (e) with e = e1; (and similarly for yy1 (g1 + 0)). We will evaluate
CAR, (5, B) below, but note that under the simplified Assumption 3, for any A > 1, we can write
CARy, ((5, 71) as a function of CAR; (5, 71). Specifically, for h = 2, we have that

Yir2 (€ +0) —yira(€) = vt1Yir1 (e +0) + Bir1€1e4+2 + €2142 — (Ver1Ye+1 (€) + Prr1€1e42 + €2142)

= Y+l [yt+1 (6 + (5) — Yt+1 (6)] >

and more generally for any h > 1,

Yern (€ +6)=Ytin (€) = Vewn—1 [Yt+h-1 (€ + ) = Yrin-1(€)] = (Vern—1- - Y+1) [Yr+1 (€ + ) — yrs1 (e)].

By Definition 1, for any h > 1,

CARy, (6,h) = [Yisn (E16 4+ 6) — Yrn (e12) [Hi—1 = h]

E
E (Yiph-1-7+1) B [yt+1 (€1t +0) — yey1 (E1e) [Hi—1 = B]
= (9" CAR; (6,R), 2)

where we let 4 = E (y441) for any ¢. The last equality follows from the fact that +; is a function
of 14 and e1; is i.i.d. This implies that we only need to evaluate C AR, (5, B) and 4 to obtain the
entire conditional average response function. Under Assumption 3(a) and (b), where the Gaussianity

assumption is instrumental in deriving the closed form expressions for 4 and CAR; (5, ﬁ), using (1),



for any fixed e,

Yir1(e+0) —yir1(e) = v(e) P16

+lv(e+0) =7 (e)lBi-16
+y(e+0) =v(e)] Brre
+y(e+d) = (e)] Vor
+[B(e+46)—B(e)] ettt

Next, evaluate this difference at e = 1, and take the expectation, conditionally on H; 1 = h. It

follows that for any fixed ¢,

CARl (5, B) = F [yt-i—l (Elt + 5) — Yt+1 (8175) ’Ht—l = B]
= E[y(ew)|Hi—1 = h] Brd + {E [(v (€1t + 6) — v (ew)) |He—1 = h] B0
+E [(v (e +0) = (en)) ene| He1 = ] By, + E [(7 (1 +6) — v (e10)) Voue | Hi—1 = 1]

+E[(B (1t +6) — B (e1s))ere41|Hi—1 = h]} (3)

Note that the last term in (3) has conditional mean zero. This follows by the law of iterated expec-
tations, using the fact that 14 is an i.i.d. zero mean random variable which is independent of 9.
Under these assumptions, Vjy; is independent of €14, and the second-to-last term can be written as
E (v (1t +6) — v (e1e)]vy, (where vy = E (Voe|Hy—1 = h) = v E(y—1|Hi—1 = h)). By using similar

arguments, we can decompose C AR (6, 71) into the sum of

Direct effect = E(v(e1¢))570.
Indirect effect = E[(y(e1x +0) — v (e1r))] B6
+E[(y (€10 +6) —v () exe] By

+E [y (e1t 4 6) — 7 (e10)] vp,-

This decomposition shows that the first component of C AR, (5, 71) captures the direct effect of a shock
of size 0 in €14 on yYy1p. Since 7y (e11) = Y4, this is the effect of a change in €14 on y;1j that keeps v
constant, as when H; is exogenous. However, in the current model, H; = 7 (¢1;), which means that
when we perturb 14 by d, this also impacts the model parameters at time ¢. The last three terms

in CAR, ((5, ﬁ) capture this “indirect effect” since they depend on the wedge between v (e1; + 0) and

v (e1¢).



Suppose now that €1, ~ N (0, a%), as in Assumption 3(b). Then,

E((eie+68) = E(1(ere +6 > ¢) = Plegfor > (c—8) Jor) = 1@ ((c — 8) Joy) = & (—c/oy + 6 /01).

and

E(y(e1e+9)) =vr+ (ve — 1) ® (—c/01 +/01).

Also, we can show that

El(v (e +96) =v(ew))en] =

It follows that

e —vR) E[(n (€1t +6) — n(e1t)) €14
v E[(1(eiu+06>c¢)—1(enr > ) ey
FE

&

TR
(1((c = 8) Jor < e1e)o1 < c/or)) % o1
(¢ ((c=6)/o1) — ¢ (c/01)]

[

YE —YR) 01 (¢ (—c/o1 + 6/01) — ¢ (—c/a1)].

=

(
(ve — YR)
(ve — YR)
(ve —YR) 01
( )

CARy (6,h) = Ely(ei+0)]Bpd + E[(v(e1e +0) — v (e1e)) exe] B, — E [y (e1¢ + ) — v (e1e)] vy,
= {yr+ (g —R) ®(=c/o1+5/01)} Bpd + (vE — VR) 01[¢ (—c/0o1 + §/01) — P (—c/01))| By,
HOEe —r) [@(—c/o1 + /o) — @ (—c/o1)]v;}

= {yr+ (vE —YRr) ®(—c/01)} Byd

:E('yt),B,-Ld;?Direct effect
+{vr+ (v —R) [2(=c/01 +0/01) = B(—¢/a1)]} Bpd

+{(ve = vr) 01(d(=¢/01 + 6/01) = ¢(=c/01))} By, (4)

+{(ve —vr) [® (=c/o1 + /1) — ® (—c/01)]} vy,

where the last three terms define the “Indirect effect”. Plugging this expression into (2) gives the

formula for CARy, (5, i_z) for any A > 1 and any fixed §. Note that

¥ =FE(v) =9+ (vg —Yr) ®(—c/o1) for all t.

To prove part (ii), we use the fact that

CMRy, (R)

= %%[5—1014}2,1 (6,R)]
= (! lim [67'CARy (6,h)]
= ()" CMRy (h),



where CM Ry (ﬁ) = lims_,o CAR;y (5, 71) /0. In particular, by dividing (4) by ¢ and taking the limit as
0 — 0, we get

CMR, (h) ={vr+ (v& — Yr) ®(—c/01)} B; + Io + I1 + I3,

where

Iy = %{%5—1 {vr + (ve = R) [2(—c/o1 + 6/01) = B(—c/o1)]} B0 = 0
L = }i_rf(l)(s_l {(ve —vr) o1(p(—c/o1 + d/01) — ¢(—c/a1))} By,

L, = %i_ff(l)w—l (v —YR) [® (—¢/o1 +d/01) — @ (—c/0o1)]]vy,.

We can evaluate I7 and I by using the following two Taylor expansions of the Gaussian pdf and cdf,
0
¢(—c/or+0d/o1) = ¢(—c/o1)+ cb'(—C/Ul);1 +0 (%),
)
(I)(—C/O'1 + 5/01) = @(—0/01) + (I)/(—C/O'l); + O (52) ,
1

where ®'(—c/o1) = ¢(—c/o1) = ¢(c/o1) and ¢’ (—c/o1) = — (—c¢/o1) ¢ (—¢/o1) = ¢(c/o1)c/o1 by the
properties of the Gaussian pdf and cdf (in particular, note that ®' (x) = ¢ (z), ¢ (x) = ¢ (—x) and
¢ (r) = —x¢ (x)). Hence,

Iy = (vg — vr) 019(c/01)c/o1 By = (v& — Yr) d(c/o1)c/o1 By,

and
I = (vg — Yr) 07 "¢ (c/o1) v
Thus,
CMRy (h) = {vr + (v& — 7r) ®(—c/01)} B + (v& — YR) & (¢/0n) 07 (B, + v5) -
| ]

Proof of Proposition 3.4. The result for h = 0 is immediate, so we focus on h > 1. For any

such value of h, we can show that

bh (FL) _ E (yt+h€1t|Ht—1

using the fact that ~; is i.i.d. since it is a function of €1;. Thus, we focus on deriving by (l_z) =

E(yir1e1¢|Hr—1=h)
E(s%t|Ht71:171)

sufficient to derive FE (yt+1€ 1| Hi—1 = I_I). Replacing y;+1 by equation (3) in the main text, we write

. Note that the denominator of by (l_z) is equal to o7 under our assumptions, so it is

E (yt+1€1t|Ht—1 = 71) =F ((5t€1t+1 + Yy + €2t+1) €1t|Ht—1 = B) = E(’Ytyt&t’Ht—l = 71),



since (Bt51t+151t|Ht_1 = ﬁ) =F (€2t+151t]Ht_1 = E) = 0. But since v+ = vg + (v& — Vr) H,
E(veyeer|Hi—1 = h) = (vg — vr) E (Heyeer|Hi—1 = h)+vRE (yie1e|Hi—1 = h) = (Y& — vr) A1+7RA2.
It follows that

Ay

evHyy|Hy—y = h)
evHy (Bi—1€1e + Ye—1yi-1 + €20) [Hi—1 = h)

E(
E(
E (e1,Hy|Hy—1 = h) B, + E (eveHyy—1yi—1|He—1 = h) + E (eneoc Hy|[Hy—1 = h)
E(

f:‘th) B, + E (e1¢Hy) E (yi—1yt—1|Hi—1 = h) +0,

=vp,

where E (EltEQth|Ht_1 = B) = 0 by the fact that 14 H; is independent of e9; under Assumptions 1 and
3. Similarly, we can write F (61th’yt_1yt_1!Ht_1 = B) = E (e1¢Hy) v, where vy, = E (V()t\Ht_l = ﬁ) =
E(vi—1y¢—1|Hi_1 = h). Next, we compute F (e1;H;) and E (elth) using the fact that e1; is Gaussian.

By definition of H; = 1 (g1; > ¢), and the truncated moments of the Gaussian distribution, we obtain

that
E (e Hy) = 01 (e1/011 (e12/01 > ¢Jo)) = 016 (¢/o1) .
Similarly,
E (3,H;) = E (e},1 (e1t > ¢)) = 01[® (—c/o1) + c/o1¢ (¢/01)].
Thus
o3 = [ (/) + e/ /o) + o7 0 el

Since we can also show that

A _ _ _
722 = 01 °E (yen|Hi—1 = h) = 07 °E ((Bi—181t + Vi—1¥i—1 + 20)en| Hi—1 = h) = By,
1

it follows that

- A A
by (h) = (WE—'YR);%JWRU—;

= (ve =) {[® (=c/o1) + ¢/016 (¢/01)|By + 01 ' b (¢/01) v} + VrBy
= {8+ (vB —R) ® (—¢/01)} B + (v2 — vr) 01 "D (c/01) (cB + vy)
— CMRL(B).



B Generalization of Propositions 3.1 and 3.2

Here, we show that the results in Section 3.1 extend to a multivariate version of our model for

/ .
2zt = (x¢,y;)” when H, is exogenous.

B.1 Multivariate state-dependent structural VAR model

Let 2z, = (a:t,y,’f)/ denote an n x 1 vector of strictly stationary time series, where g is k x 1 with

k =n — 1. We consider a structural state-dependent VAR process of the form
Ci—1zt = p—1 + Bi—1 (L) ze—1 + &4, (5)
where g; = (£14,h,)’ defines the vector of mutually independent structural shocks. Let
By1(L)=Bi41+Bay1L+...4+ By 1 LP

where p denotes the polynomial lag order. For later convenience, we partition B;_; (L) conformably

with z; as

Bo1t—1 (L) Bagt—1(L)

where A;; denotes the (7, 7) block of any partitioned matrix A.

By (D) = ( Biryr (L) Bize- (L) )

All model coefficients evolve over time depending on the state of the economy. In particular, as in

the main text, we let

pe—1 = ppHi+pr(1—Hioq),
Ci—1 = CpHy_1+Cr(1—H;_1), and

Bji1 = BjpHi 1+ Bjr(1—Hyq) forj=1,...,p,

where H;_1 is a binary stationary time series that takes the value 1 if the economy is in expansion

and 0 otherwise. To identify the conditional impulse response function of 3,5 to a shock in 14, we

1 0
Cry = , (6)
! ( —Co140-1 Cooy1 )

where Ca1¢—1 is k x 1 and Ca2—1 is a k x k non-singular matrix whose diagonal elements are 1 by a

assume that

standard normalization condition. Under these assumptions, z; is predetermined with respect to ;.
Note that we do not restrict Cop;—1 to be lower triangular, which allows C;_; to be block recursive.
Hence, the model is only partially identified in that only the responses to £1; are identified.

Model (5) covers several empirically relevant strategies for identifying the structural shock £1; (and



the corresponding conditional response function for y;;, with respect to €1¢). One is the narrative
approach to identification which uses information extraneous to the model to measure €14, in which
case xy = €1; (as in the main text). Alternatively, the structural shock £;; may be identified via an
exclusion restriction that precludes x; from responding contemporaneously to the structural shocks in
the remaining variables of the system. In this case, the structural shock ey, is identified within the
nonlinear structural VAR model by analogy to Blanchard and Perotti (2002), whose exogenous shocks
to government spending (1;) are identified by assuming that government spending (x;) does not react
within the period to shocks to output and tax revenues (y;). Finally, note that our general model also
accommodates the special case of x; being an exogenous serially correlated observable variable, as in
Alloza, Gonzalo and Sanz (2021).

The structural model for z; can be written as

Ty = -1+ Brig—1 (L) -1 + Biog—1 (L) yr—1 + €1t
(7)
Coo -1yt = p2,4—1 + Co1,0—121 + Botp—1 (L) x4—1 + Bagg—1 (L) ys—1 + €21
Without further restrictions (such as postulating that Caa ;1 is lower triangular), the parameters in
the equations for y; are not identified. However, the fact that 14 is identified suffices to identify the
conditional response function of y; to a one-time shock in £1;.

As in Section 3.1, we assume that H;_1 is a function only of ¢; (and its lags), where ¢; is assumed
to be exogenous with respect to the structural shocks €1; and €9;. More specifically, to complete the
model, we let

Hy=mn(gs:s<t). (8)

We make the following additional assumptions.

Assumption B.1 {e1;} and {e2:} are mutually independent structural shocks such that e, = (e14,h;)" ~
i.1.d.(0, %), where ¥ is a diagonal matriz with diagonal elements given by 01-2 fori=1,...,n. In ad-

dition, y; is strictly stationary and ergodic.
Assumption B.2 {¢} is independent of {e1;:} and {e2:}.

Assumption B.1 is the generalization of Assumption 1 in Section 3.1 to the multivariate model

where €9 is a k x 1 vector. Assumption B.2 is the analogue of Assumption 2.

B.2 Conditional impulse response functions

In this section, we derive the analogue of Proposition 3.1 in the main text for the multivariate model

considered in (7) and (8). We obtain this result by first deriving the potential outcomes ;1 (€) and



then using these to obtain closed-form expressions for C ARy (5, 71) and CM Ry ((5, ﬁ).

B.2.1 Potential outcomes

To derive the potential outcomes y;1p, (€), we first obtain the reduced-form model corresponding to our
structural model (7) (which is given by (5) with the identification restriction that x; is predetermined

with respect to £1;). Since C;_; satisfies the identification condition (6), the inverse matrix of C;_;

i < 1 0 ) B ( 10 )
t—1 = -1 -1 = )
22,t—1c21,t—1 22t—1 0152—11 0331

where for any matrix A, we let A% denote the block (4,5) of A™L.

exists and is given by

Pre-multiplying (5) by C;”} yields
zZ = Ctill/tt—l + Ct:llBt—l (L) z—1 + Ctillgta
which we rewrite as
2p = b1+ A1 (L) 2e-1 + e, 9)

where 7y = Ct__llst, b1 = Ct__llut_l, and
Ay (L) = Ct__llBt—l (L) = Al,t—l + A27t_1L —+ ...+ Ap,t_le_l,

with Ajytfl = C’I;llBjﬂg,l.
The potential outcome value of y;1p, (€) (for any fixed e) can be obtained from the companion-form
representation of the reduced-form model (9) by iteration, fixing 1, = e. Since only &1, is fixed at e,

the following decomposition of the reduced-form errors 7 is useful:
—1 1 0 -1 —1
m=Cy_ 16 = o | €1t 0y | €2t = Ciye1nere + Oy I,
Cita CiZy

where e, = (1, 0’)' isn x 1 and Iy, is k X nand is equal to the n x n identity matrix with its first

column removed:

Iy = ( €2n - Enn ) .
We let
_ € _ _
ne (e) = thll < . ) = thllelvne + Ct711]2:n52t
2t

10



denote the counterfactual value of n; for e;; = e. Similarly, we denote by

[ e (e)
t(e) = < () )

the counterfactual values of x; and y;. With this notation, we can write the potential outcome analogue

of (9) as

Zt (6) = a¢—1 + At_th_l (6) + 5,5 (6) . (10)
Here,
Zy (€)= (2 (). 2_1(e) .2t pp1(€)) & () = (mf(e),0), ary = (b}_y,0),
npx1 npx1 npx1
and
Arg—1 A1 - Ap_1i1 Apia
I, 0 0 0
Apq =
npxXnp : : . : .
0 0 I, 0

Note that a;_1 and A; 1 are not indexed by e because these matrices depend only on H; 1, which
does not change with e under the exogeneity assumption on H;. To obtain y; (e) from Z; (e), let

Sk, = ( Okx1 Ik Okxn(p-1) )
kxnp

denote a k x np selection matrix (with £ = n — 1 equal to the number of variables in y;) which selects

the subvector y; from the vector Z;. With this notation,
yi (€) =Sk Zi (e),

and, more generally, for any h,
Yeth (€) = SpZiyn (€) -

Note that for k = 1 (i.e., for a bivariate system with n = 2), S = €5 ,,, where e, = (0,1,0) is a
2p x 1 vector whose only non-zero element is equal to 1 and occurs in position 2. More generally, we
let e;,, denote an m x 1 vector with 1 in position j and 0 elsewhere.

Next, we use the companion form (10) to obtain y.4p (e) for different values of h. Starting with
h =0, we set Z;_1 (e) = Z;—1 since Z;_1 depends on values of z; that occur prior to the shock in e1;.

Hence, these values do not depend on e and it follows that

i (€) = SiZ; (€) = Spar—1 + SpAr—1Zi—1 + Spés (e) .

11



By the definition of & (e), we can write
e ct e1 e+ Ot I5.n.62 _ _
& (e) = ( 77t(§ ) ) _ < t—1 g ( )t 112:n€2¢t —e1,® (Ct,llel,ne+Ct,1112:n€2t)~
n(p—1)x1

Hence,

Skét (6) = Sk[el,p & (Ct__llel,ne + Ct__11[2:n€2t)]

= Sk [el,p ® (Ctillel,n) 6] + Sk [el,p & (Cl;llIQ:n)th]-

This implies that
Yt (e) = Sklerp ® (Ct__llelvn)]e + Vi,
where V; = Sga¢—1 + SpAi—1Z4—1 + Sile1p ® (Ct__llfgzn)szt] is a function of U; = (E/Qt, qi—1, Zt’q)- We
can obtain y.4, (e) for larger values of h using a similar approach. In particular, for h = 1, we have
that
Zit1(e) = ap + A Zy (e) + &4,
/
where &1 = (77£+170/), = ((C[letH)I,O’) and a;, A; and C; do not depend on e. This is true

because the model coefficients depend on H;, which is not a function of e when H; is exogenous, and

€41 1s independent of e since e is the fixed value of €1;. Thus,

Yir1(e) = SpZii1(e)
= Skar + SpAiZ; () + Skéi+
= Skar + SpAi(a—1 + Ar—1Zi—1 + & (€)) + Sk

= Skar + SpArar—1 + SpAtAr—1Zi—1 + Sk A& (e) + Sk,

where & (e) = [e1p ® (C'__llelm)]e + Skle1p ® (Ct__lljg;n>€2t]. Inserting &; (e) into the equation above

and collecting the terms that not depend on e into Vi yields

yes1 (€) = SpAilerp ® (Crliern)le + Viga,

where V;11 is a function of Uy = (5t+1,5’2t,qt,qt,1,Z{_l),. This result shows that the potential
outcome value y;41 (€) is linear in e, as in the main text. This result generalizes to any value of h > 1
as follows:

Yrn (€) = SpArin1 - Adery ® (Crhern)le + Vign = mu (e, Uryn) , (11)

— / / /
where Viyp, depends on Upyn = (€14hs -+ €015 b Gerh—1s- > Qs Gt—15 Z4_1) -

Equation (11) defines the potential outcomes for the vector of dependent variables y;. It represents
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a linear function of e under the assumption that H; = 1n(gs : s <t) and g5 is strictly exogenous with

respect to £1; and 9.

B.2.2 Closed-form expressions for the conditional response functions
Next, we use (11) to generalize Proposition 3.1 to the multivariate state-dependent structural VAR
model given in (7). For any e,

Yirn (€ +0) — Yrrn (€) = SkApsn_1 -+ Aifer, ® (C;he1,0)]d,

which implies that letting e = €14, and taking the conditional expectation, conditionally on H; 1 =

h € {0,1},

CARy, (0,h) = E (yisn (1t +0) — yeyn (e1e) [H—1 = h)
= SpF (At+h_1At+h_2 R At|Ht_1 = ?L) (617p & 0;71617n> d.

We can also use (11) to obtain the conditional marginal response function for this model. Since y;4p, (€)

is a linear function of e, it follows that

0 _
y£+h (e) = %mh (€, Upsn) = SkApsn—1--- Aile1p ® (C’t_llelm)].

This implies that
CMRh (E) = F (y£+h (5115) ’Ht,1 = ]TL)
= SkE (At+h71At+h72 Ces At’Ht—l = ;L) <€17p & 05161771)

— CARy(L1),

showing that the conditional marginal response function coincides with the conditional average re-
sponse function CARy, (5, 71) for a shock of size § = 1.
The following proposition summarizes these results and is the analogue of Proposition 3.1 for the

multivariate model considered in (7). We let Cr- '=Cp'if h=1and cy I = Clgl if h =0.

Proposition B.1 Assume the structural process is (7) and (8) with Hy = n(qs : s <t). Under As-
sumptions B.1 and B.2 for h € {0,1}:

(i) For any fized 6, C ARy ((5, ﬁ) =S (el,p ® Cﬁlelyn) 6, and for any h > 1,
CARy (8,h) = SkE (Apn1Aiinz. - AdHiy = B) (e1,@ Cylern ) 0.
(ii) For any h >0, CMRy, (B) = CARy, (5, l_z).

13



As in the simpler model considered in the main text, Proposition B.1 shows that when H; depends
only on {gs:s <t}, i.e., when H; is exogenous with respect to the structural shocks &, the two
definitions of the conditional impulse response function coincide. Next, we show that the state-
dependent local projection estimator recovers asymptotically these two notions of conditional impulse

response functions when H; is exogenous.

B.3 Local projections estimands

A state-dependent LP regression is a direct regression of gy, onto a constant, x; and Z;_, each
interacted with Hy;_; and 1— H;_1. The slope coefficients associated with z; H;_1 are usually interpreted
as the CAR of y;4, conditionally on H;_1 = 1, whereas the slope coefficients associated with x;(1 —
H;_1) are interpreted as the CAR of y;,, when we condition on H;_; = 0. The goal of this section is
to derive the probability limits of these slope coefficients and show that they equal CARy, (5, B) when
§ =1, which is equal to the CM Ry, (h) for h € {0,1}.

Let Wi—1 = (1,Z]_,)" denote an (np + 1) x 1 vector of control variables which include a constant
and p lags of z;. A state-dependent LP for identifying the causal effect on y;1, of a one-time shock in

€1¢ of size 6 = 1 can be written as
Yirn = b (V) o Hy—y + g W1 Hy—1 + b, (0) 2¢(1 — Hy—y) + gy Wi (1 — Hi—1) + vegen,  (12)

where the k x 1 vectors by, (1) and by, (0) contain the main parameters of interest. The LP regression

for variable y; 14 p, is

Yjrn = b (1) e He 1+ 7 ; Wi Hy 14 bpj (0) 2¢(1 — He1) + 7k j s We1 (1= Hy—1) + 0510, (13)

where j = 2,...,n. The scalar coefficients by, ; (1) and by, ; (0) are the (j — 1) elements of by, (1) and
br, (0), respectively. Similarly, 7T/E7 ih and ﬂk’ jp are the corresponding rows of Il ;, and Ilg 4.

Since Hy is observed, the coefficients in the multivariate state-dependent LP regression (12) can
be obtained by running a multivariate LS regression of vy onto x¢H;—1, Wi_1Hy_1, x4 (1 — Hy—1)
and W;_1 (1 — H;—1). Note that this is equivalent to running a regression of Yjt+h onto xeHy 1,
Wi1Hy—1, x4 (1 — Hy—y) and Wy (1 — Hy—1), for each j = 2,...,n. Put differently, the multivariate
LS regression (12) is equivalent to the k univariate OLS regressions (13), equation-by-equation.

Let by, (1) and by, (0) denote the LS estimators of by, (1) and by, (0) in (12) based on a sample of size
T given by {ysrn, e, Zi—1, Hi—1 : t =1,...,T}. We can estimate each of these vectors separately, by

restricting the sample to H;—; = 1 and H;_; = 0, respectively. For instance, I;h (1) can be obtained

from a regression of y;1pon x Hy—y and W1 H; 1 (omitting x; (1 — Hy—1) and Wiy (1 — H;—1) in
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the regression). This follows because H; 1 (1 — H;_1) = 0 for all ¢. Similarly, we can obtain by, (0)
from a regression of y;p on zy (1 — Hy—1) and Wiy (1 — Hy—1) (omitting x;H;—1 and W;_1H;_; in
this regression).

Our next result generalizes Proposition 3.2. to the multivariate structural VAR model given in (7)

and (8).

Proposition B.2 Consider the structural process (7) and (8) with Hy = n(qs : s < t). If Assumptions
B.1 and B.2 hold, then for h € {0,1},

bh (B) EpThm ZA)h (B) = CMRh (;L) = CARh (l,ﬁ) s
—00
where C ARy, (1, B) is the conditional average response function in Definition 1 with § = 1.

B.4 Proofs of Propositions B.1 and B.2

Proof of Proposition B.1. The proof for h = 0 and h = 1 is in the text. We omit the proof for
general h since it follows from similar arguments.

Proof of Proposition B.2. We focus on h = 1. To define by, (1), let

Yith z1Ho Wi Hy

Yo xpHp 4 Wi _Hr—y

and define My = It — X5 (X5 X5) ™" X},
By the Frisch-Waugh-Lovell (FWL) Theorem, by, (1) = (X} M X1) ™' X| MY, or

o _ _ -1 A AL
b (1) =T 1Y MoXy) (T7'X{MoX1) ™ = Quy2nQ1

A similar expression holds for Eh (0) with the difference that the regressors x; and W;_; are interacted
with 1 — H;_q rather than H;_1.
Our goal is to derive the probability limit of by (1) (and by, (0)) as T — co. We can write
Qo = T X)X, —T7'X| Xy (T X5X,) " T X5X,, and

Quyan = TW'X  -T7Y'X, (T’IXéXg)f1 T1X)X.
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If a law of large numbers applies to each term?,

Quiz > Quz = E(afHi 1) — B (veHioaWi_y) [E (WemaW/_1Hy 1) 7 E (Wy—1 Hy—1) , and
Quy2h 2 Quyan = E(ygnnHi 1) —E (yeen Hy A Wi_y) [E (Wima W Hy 1)) E (Wi Hyq )

We distinguish two cases: (i) z; = €14, and (ii) ¢ = p14—1+Bi14—1 (L) 2e—1+Bio—1 (L) Yye—1+€1 =
afﬁlet_l +e1¢ (where a1 is a state-dependent vector that collects the coefficients of p1,t—1, Bi1i—1 (L)
and Big—1 (L)).

In case (i), it is easy to see that E (xth_lwg,l) = 0 under the assumption that x; = ¢4 is i.i.d.

and independent of e9;. Thus,
Qui2 = E (27Hi—1) and Quyopn = E (YrnwiHi1),
implying that?
by (1) B by (1) = E (yeynaeHy1) [B (27 Hi—1)] 7' = E (yernme|Hio1 = 1) [E (27| Hy—y = 1)] 71
In case (ii), we can show that

Qu2 = E(e},Hi—1)=Pr(Hi—1 =1)E (e}/H;—1 = 1) and

Quy2n = E(ynenHi—1) =Pr(Hi—1 = 1) E (yirnene| Hi—1 = 1),

implying that by (1) = E (yp4nere|Hy—1 = 1) [E (e3;|Hi—1 = 1)]7'. Heuristically, this follows because
by the FWL theorem, and conditioning on H;_1 = 1, the slope coefficient associated with z; from
regressing y;+p, on x; and W;_; can be obtained in two steps. First, we regress x; on W;_; (interacted
with H;_;) and obtain the residual. Under our identification condition, this is €1;. Then, we regress

Ye+n on €14 (interacted with Hy_1). More specifically, note that

E (x¢Hy A W/_y) = E (g_ Wy \W/_1Hy_1) + E (ensHiaW/_1) = E (o, _\WyaW/_1Hy 1) ,

!This follows under the assumption that z; is strictly stationary and ergodic and that the usual moment and rank
conditions on the regressors are satisfied. We leave these as implicit high level assumptions since our focus here is on
the conditions that H: needs to satisfy in order for the LP estimator to be consistent. Kole and van Dijk (2021) (and
references therein) provide primitive conditions for stationarity and ergodicity of a Markov Switching SVAR model when
the states H; are assumed to be a first-order exogenous Markov process. Deriving analogous primitive conditions for our
setting, when the process for the exogenous H; is not specified, is beyond the scope of this paper.

2This result is consistent with the fact that when z, is a directly observed shock we can simply regress vy, onto
x¢H;—1 to obtain a consistent estimator of bg,. When z; = €14, adding the controls W;_1H;_1 is not required for
consistency, but can be important for efficiency.
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since (elth_lwg,l) = 0 by Assumption B.1. It follows that
E (xeH;—AW/_1) = o/gE (Wi W{_1|Hy—1 = 1) Pr(Hy—y = 1).
Hence, the term E (:L‘th,th’_l) [E (Wt,lwg_lHt,l)]_lE (Wi—1H; 1) equals
ogE Wy W/_y|Hi—y = 1) [E(Wiea W[ |Hy oy = 1)]7'E (W W/_y|Hi—1 = 1) apPr(Hi—y = 1)

= O/EE (Wt_1W£_1|Ht_1 = 1) ap Pr (Ht—l = 1)

= E(a_ WiaW/_jau_1|Hi—1 =1)Pr(Hi—q =1).

. 2
Since 2?7 = (04_1Wt_1 + €1t) = o) WiaW/]_jau—1 +2a,_{Wi_1e1; + €3, where the second term has

a conditional mean of zero, it follows that
Qua=Pr(Hi_1=1)E (e},|Hi-1 =1).
One can use similar arguments to show that
Quy2n =Pr(Hi—1 = 1) E (yyner|Hi—1 = 1).
Thus, both in cases (i) and (ii), we conclude that
by (1) 5 by (1) = B (yeynere|Hior = 1) [E (e3,|Himr = 1)] 71 = N, D,

where N}, stands for numerator and D is the denominator. Next, we express A}, and D in terms of
the model parameters. To evaluate N}, we use the fact that for any h, y;1n = SpZi1n, where Z;,p, is
obtained from the companion-form representation of the model given by (10).
Consider first A = 0. Then
Zy =ap 1+ A 12y 1+ &,

where

-1 -1
Mt Ci_ie1nc1e + Oy Ia.ne0: _ _
“ ( 0 ) - ( o 0 e = (e1p ®Ct—11€1,n)51t tep® Ct—11[2:n52t7

given that n; = C’t:llst and g = 0;1161,n€1t + C;llfg;ne% where ey, and Ia,, are as defined in

Section B.2. Hence,

yr = SkZi = S(e1p @ Crhern)en + Sklar—1 + Ar1Z4-1) + Silerp ® Cr Y Ionear). (14)
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Using this decomposition of y;, we can write Ny = E (ye1¢|Hi—1 = 1) = No1 + No2 + No 3, where

NO,I = E[Sk(el,p ® Cﬁllel,n)f%t’Ht—l =1],

Mz = E[Sgla—1+ A—1Zi—1)e1t|Hi—1 = 1], and

Mz = E[Sk(erp® Oy Y Iomear)ere| Hi—1 = 1].

5

Under Assumption 1 and applying repeatedly the law of iterated expectations (LIE), it can be shown
that N2 = Np3 = 0, implying that Ny = E (ye1¢|Hi—1 = 1) = Np,1. Thus,

No = Si(erp ® Cplern)E (e5,|Him1 = 1) .

Since b (1) = NoD, for h = 0, where D = [E (e3,|H;—1 = 1)]7', this implies the result. A similar
argument shows that

i)h (0) £> bh (0) = Sk(eLp () Cﬁlel,n) for h = 0.

by (1) B by (1) = B (yeyre1e| Hem1 = 1) [E (€3, |Hi—1 = 1)] 7' = MiD when h = 1.
To obtain N7, we can use the fact that

Y41 = SkZiy1 = Splar + ArZi + &41)
= Sklar + Ar(ar—1 + Ar1Zi—1 + &) + E41)

= SpAi& + Sk(ar + Ar(a—1 + Ar—1Z¢—1)) + Sk€tt1, (15)

where & = (e1p ® C;_llel,n)sls +ep® Cs__11[2m€23 for s = t,t + 1. This implies that A7 =
E (ygs1e1¢|Hi—1 = 1) = N11 + N12 + N 3, where

M = ESpA&en|Hi—1 =1),
Mo = E[Sglar+ Ar(ar—1 + A—1Z4—1))e1e|He—1 = 1], and

)

Nig = E[Si&rien|Hi—1 =1].

)

Given the definition of &1, we can easily see that N7 3 = 0 by Assumption B.1, since it implies that
E (§t+1]f't) = 0. To conclude that Nj2 = 0, we use the exogeneity condition on Hy, i.e. the fact
that Hy = n(gs : s <t) with ¢, satisfying Assumption B.2. Under these assumptions, H; and 1, are
mutually independent, implying that by the LIE, we can write

Nig = E[Sklar + Ar(ai—1 + Ai—1Z-1))E (eqe| F© Hy) [ Heoy = 1],
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where F'=1 = o (21, Hy_1,2_2,Hy_o,...). Since F (€1t|ﬁ_1,Ht) = F(e1x) = 0, we obtain that

N, 1,2 = 0. Hence, N1 =N 1,1- The result follows because we can show that
Nii = E[SpA(er, © Cler )l | Hi1 = 1],

under Assumption B.1 and B.2. More specifically, using the definition of &, N ; can be decomposed

as follows:
N1 = E[SpAi(e1p, ® O Lern)et | Hiy = 1] + E[SkAi(e1p @ Cr Y Tomeners) | Hi—1 = 1],

where E (EltEQt’Ht, .7-"’5*1) = E (e11£9¢) = 0 under our assumptions. This implies that

by (1) _ ElSkAi(erp ® Crliern)ed | Himy = 1]
" E(2,|Hi = 1) '

The result follows because the numerator simplifies to E[Sg Ay (e1,,0C; Y e1.n) | Hi—1 = 1][E (e} | Hi—1 = 1)]
under the assumption that ey is i.i.d.(0,01). A similar result holds for by, (0) when h = 1. The proof

for other values of h follows from similar arguments.
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C Parameters for the data generating process in Section 5

The data generating process in Section 5 uses the following parameter values obtained by fitting the
model to the quarterly data used in Ramey and Zubairy (2018), assuming that a recession corresponds

to periods when unemployment is above the historical mean:

1 0 0 1 0 0 0 0
Cp=| —00097 1 0 |,Cr=| —0.0495 1 0 |,kg=| 00034 |, kr=| 0.0145
0.0056 0.0371 1 —0.0510 —0.2134 1 0.0177 0.1007
—0.1741 0 0 0.4266 0 0
Ap1=Cg'Bpi=| 00317 08185 —0.0437 |, Aga= | 0.1107 —0.0105 0.1177 |,
—0.0586 0.7540 1.4140 0.0296 —0.7467 —0.4706
[ 0.4065 0 0 0.3633 0 0
Aps=| 0.0889 0.2965 —0.1358 |, Aga= | 0.0774 —0.1165 0.0595 |,
| 0.0168 —0.3586  0.0918 0.0535 0.3428 —0.0505
[ 0.2952 0 0 —0.0854 0 0
Ap1=| 0.0088 1.6449 0.1237 |, Ago= | 0.0463 —0.8551 —0.1995 |,
| 0.0098 0.0450 1.4823 —0.0051 —0.0752 —0.7047
[ 0.1670 0 0 —0.0331 0 0
Apz=| 00107 0.2722 0.0245 |, Aps= | —0.0019 —0.0869 0.0410
| —0.0154 0.0911 0.2347 0.0476 —0.0333 —0.1174
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D Additional simulation results

This appendix contains additional simulation results. Figures D.1 and D.2 report simulation results

when vg = 0.9, yg = —0.1 in DGP 1 and DGP 2. Figures D.3 and D.4 report the cumulative

government spending multiplier for § € {—1, -5, —10}.

Expansions Recessions

~

~—————_

DGP 1

DGP 2

Figure D.1: Asymptotic bias of LP response when Hy =1 (y; > 0)
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Figure D.2: LP response and decomposition of CAR when H; =1 (y; > 0) and § =5
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Figure D.3: Cumulative spending multiplier when H; =1 (y; > 1)
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Figure D.4: Cumulative spending multiplier when H; = 1 (y; > M A(12))
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